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1. INTRODUCTION 
Let p be a prime and n a positive integer, and let GF(p”) denote the 
finite field with p” elements. The group S(p”) = {x + ax” + b I a, b E GF(p”), 
a # 0, 0 E Aut(GF(p”))} 1s a solvable group of derived length 3 which acts 
2-transitively on GF(p”), and the stabilizer of 0 in S(p”) is T(p”) = 
{x + ax” 1 a E GF( p”), a # 0, cr E Aut( GF( p”)) }. Conversely, Huppert [4] in 
1957 showed that with the exception of certain groups of degree 32, 52, 72, 
1 12, 232 and 34, every finite solvable 2-transitive group is permutation 
isomorphic to a subgroup of some S(p”) with this action. The proof 
involves the study of primitive solvable permutation groups. 
Let G be a finite primitive solvable permutation group of degree d. Then 
(see, e.g., [4]) the minimal normal subgroup V of G is regular and elemen- 
tary abelian of order d = p” for some prime p, and a one-point stabilizer G 
of G acts on V by conjugation as an irreducible subgroup of the linear 
group GL(n, p). By definition, the rank r of G is the number of orbits of the 
stabilizer G. Since the 2-transitive groups are precisely the primitive groups 
of rank 2, Huppert could prove his result by classifying the irreducible 
linear groups with 2 orbits. In 1969 Foulser [3] generalized Huppert’s 
result to primitive solvable permutation groups of rank 3 or 4. For this it 
was necessary to consider separately the cases where the stabilizer G is 
primitive and where it is imprimitive as a linear group. In the case that the 
stabilizer G is a primitive linear group, Dornhoff [2] proved the existence 
of a function f(r) such that if G has rank r then either G is permutation 
isomorphic to a subgroup of some S(p”) or G has degree at most f(r), 
without attempting to find any realistic estimate for the values of J: We 
quantify Dornhoffs result as follows: 
THEOREM 1. Let p be a prime and let G be a solvable primitive subgroup 
of the linear group GL(n,p). Let r be the number of orbits of G on the 
underlying vector space of p” elements. Suppose that in this action G is not 
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permutation isomorphic to u subgroup of T(p”). Then r > (p”“/l2n) + 1 
except possibly when p”= 174, 194, 7(j, 5*, 7*, 138, 79, 316, and 516. 
Applying this to permutation groups gives 
THEOREM 2. Let G be a solvable primitive permutation group of rank r 
and degree d=p”, such that a one-point stabilizer G of G is primitive as a 
subgroup of the linear group GL(n, p) in its action on the minimal normal 
subgroup of G. Then one of the following occurs: 
(i) G is permutation isomorphic to a subgroup of S(p”), 
(ii) r > (p”l’/12n) +-1, 
(iii) p” is one of 174, 194, 76, 58, 7*, 118, 13’, 79, 316, 516. 
COROLLARY. Either G is permutation isomorphic to a subgroup of S(p”) 
or its degree d < c(r log, r)* for c = 3i6/( 5 log, 5)2. 
If G has an imprimitive stabilizer then Foulser [3, Lemma 2.61 proved 
the following: 
LEMMA. Let G be an imprimitive linear group. If G has k spaces of 
imprimitivity and the restriction H of G to any one of these spaces has h 
orbits then the number r of orbits of G satisfies r b (” + i ~ ‘), with equality 
holding tf G permutes the k spaces among themselves as the full symmetric 
group Sk (i.e., G z HwrS,). 
In a later paper we will show how similar but more precise results can be 
used to give an analog of Theorem 2 for the case where G is imprimitive, 
and hence complete the generalization of Huppert’s theorem. 
2. THE STRUCTURE OF MAXIMAL SOLVABLE PRIMITIVE LINEAR GROUPS 
Our proof of Theorem 1 depends very heavily on the analysis of maximal 
solvable primitive linear groups given by Suprunenko [7, Chaps. 19-211. 
We summarize here the results we will need. 
Let G be a maximal solvable primitive subgroup of GL(n,p). Then 
[7, Theorem 20.91 G has a unique maximal abelian normal subgroup 
which we denote A. Let C be the centralizer of A in G. Again 
[7, Theorem 20.111 there is a unique maximal abelian normal subgroup of 
G/A contained in CIA, and we denote it by B/A. Then (with slightly dif- 
ferent notation) Suprunenko proves: 
(a) [7, Lemma 19.11 A is the multiplicative group of an extension 
field F of degree m over GF(p), for some m 1 n. In particular, JAl =p” - 1. 
PRIMITIVE SOLVABLE GROUPS 391 
(b) [7, Theorem 21.11 If m = n then G is permutation isomorphic to 
7-t ~‘7. 
(c) [7, Corollary 20.3.11 Every prime divisor q of n/m divides p” - 1. 
(d) [7, Theorem 19.11 G/C is isomorphic to a subgroup of the 
Galois group Gal(F/GF(p)). In particular, G/C is cyclic and its order 
divides m = JGal(F/GF(p))l. 
(e) 17, Corollary 20.5.21 Let n/m = qt ... qk be the canonical prime 
decomposition of n/m and let Q,/A be a q,-Sylow subgroup of B/A, 
,j = l,..., k. Then each Q,/A is an elementary abelian qi-group of order q? 
and so Q, can be written in the form Qj= (u,)(u,) ... (u,J(zI~) A, where 
for some primitive q,th root q of 1 we have the commutators [u,, vi] = 9, 
and [u,, v,] = [u,, u,] = [vi, u,] = 1 for i#tj. In other words, the group 
Q,/,4 written additively is a 2f,-dimensional vector space over GF(q,) with a 
nonsingular alternating form, and {u, A,..., u,,A } is a symplectic basis (see, 
e.g., C6, p. 221). 
(f) 17, Lemma 20.81 Define $,: G -+ GL(21/, q,) by $j(,~) = (::I ii:), 
where .YU,X- ’ = A,q’. ” u,,, U( 21, Yli u:“,< and xu x - 1 
any x in G. Then $, is a homomorphism’with 
=Pi"I 
81s . . u/~/,',~l' . . &, for 
ker($,) n C= Q, and the 
image $,(C) is a subgroup of the symplectic group Sp(21,, qi), and so 
C/B is isomorphic to a solvable subgroup of the direct product of the k 
symplectic groups Sp(21,, q,), j= l,..., k. 
3. THE ORDER OF G 
Let s(q)) be the maximal order of a solvable subgroup of Sp(21,, g,) and 
put s(n/m) = nf=, s(qj). Then by results (a), (d), (e), and (f), 
/Cl = IG/C’ IC/Sl IB/AI IAl implies 
/Cl d ms(n/m)(n/m)2 (p” - 1). (1) 
Now consider the action of $,(G) on Q,/A. Isaacs proved the following: 
(g) [S, Theorem 21 Let H be a finite group. Let Z = Z(H) be cyclic 
and contain every abelian normal subgroup of H. Let i;(H) be the Fitting 
subgroup of H. Suppose Z < L d F(H) with L 4 H and let M = C,(L/Z) 
and N = C,(L). Then LM = N and L n M= Z. 
We apply this theorem with H = Q,. Since A $ Q, < C, C= C,(A), and 
Q,/A is abelian, therefore F( Q,) = Q,. Also Z(Q,j) = A by (a) because Z(Q,) 
is a normal abelian subgroup of G. Therefore for any normal abelian sub- 
group D/A of G/A lying in Q,/A, (g) shows that the action of ll/,(G) on 
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Q,/A (where the latter is considered as a vector space of GF(q,)) is com- 
pletely reducible. 
Now let K=(x~Gj$~(x)=l, j=l,...,k}. Then CnK=B and so 
[K/B1 = IKC/Cl6 IG/Cl dm by (d). Further if we define $: G + 
n,“= 1 GL(21,, qi) by $(x) = (Ii/r(x),..., $k(~)) then Ic/ has kernel K and so 
G/K is isomorphic to a subgroup of the direct product of solvable com- 
pletely reducible subgroups of GL(21,, qj), j= l,..., k. 
Finally we use a result of Wolf: 
(h) [S, Theorem 3.11 Let H be a finite solvable group which acts 
completely reducibly on a vector space V # 0. Then (HI d 1 V/ a/24”3 where 
c( = (3 log(48) + log(24))/3 lag(9), so CI = 2.24399.... 
Thus in our case [G/K] d (n/m)2a/(24k’3), and so IGI = 
/G/K1 IK/BI [B/AI JAI implies that 
IGI <m(p”- l)(n/m)2Zf”/(24k’7). (2) 
4. PROOF OF THE THEOREMS 
Since a subgroup has at least as many orbits as any group containing it, 
we may assume in our proof of Theorem 1 that G is a maximal solvable 
primitive subgroup of GL(n, p) with the structure described above, and 
that G is not permutation isomorphic to T(p”). Let r* be the number of 
nontrivial orbits of G; that is, orbits different from {O}. Then we want to 
show (with certain exceptions) that r* >p”j2/12n. Let t = n/m, so by result 
(a) t is a positive integer. Then result (b) implies t # 1. The case t = 2 was 
analyzed by Foulser, resulting in a formula [3, Lemma 8.11 which gives 
r* 2 (p”12 + 1)/12n in this case, and so we may assume t > 2. Since G is 
acting on a space with p” - 1 nontrivial elements, we have trivially that 
r* 3 (p” - I)/IGI and so the theorem certainly holds if 
(p”- l)/IGI >p”“/12n. (3) 
On the other hand, (2) shows that (3) will hold provided 
(p”- 1)/(24~‘/3m(p”- l)(n/m)2”+2)>p”‘2/12n (4) 
and so the theorem holds whenever 
Pm> (t 1 +2a/(241/312))(2/(r 2)). (5) 
The right side of (5) is a decreasing function of the integer value t (for 
t 2 3) and since its value is less than 2 for t = 56 we may assume t < 56. 
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Then for each t the maximum possible value of pm which violates (4) is as 
follows: 
I 3 4 5 6 7 8 9 10 11 12 13-16 17-20 21-29 3Ck-55 
P” 143 53 32 23 17 13 11 9 8 7 5 4 3 2 
By result (c) we must have q 1 (p” - 1) for each prime q 1 t, and so the list of 











7, 13, 19, 31,..., 127, 139, 22, 52, 7=, ll*, 24, 26 
3, 5, 7, ll)...) 47, 53, 32, 52, 72, 33 
II, 13, 24 
7, 13, 19 
23 




Now Foulser [3, Theorems 1.1 and 1.21 lists all possible values of p” for 
which r* < 4, those with n > 2 being as follows: 
P” 34 74 26 36 73 54 36 3’0 
r* I 2 2 2 3 3 3 3 (6) 
Further the formula in Lemma 6.34 of Foulser [3] shows that when n = 3 
we must have r* 3 (p* + 361)/2!6. Thus we may eliminate as possible 
exceptions all p” with n = 3, and also those p” (26, 212, P, 2”, 34, 54, 74, 
1 14, 134, 3’) for which p”‘2/12n < 4. Finally the more precise bound (1) 
shows that (3) holds if 
(p”- l)/(ms(t) t2(p”- l))>p”“/l2n. (7) 
But Sp(2, q) = X.(2, q), and Suprunenko [7, pp. 165-1661 shows that the 
maximal order of a solvable irreducible subgroup of X(2, q) for a prime q 
is 6 if q = 2, max(2(q + 1), 24) if q- f3 (mod 8), and max(2(q+ l), 48) 
otherwise. Further [7, Theorem 18.41 the maximal order of a solvable 
reducible subgroup of SL(2, q) is q(q - 1). Finally Dixon [ 1] shows that 
the maximal order of a solvable subgroup of Sp(4,2) is 72. Thus we have 
the following bounds for s(t): 
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t 2 3 4 5 6 I 12 
41) 6 24 72 24 144 48 1728 
Thus applying (7) eliminates all possible exceptions but 174, 194, 76, 5*, 78, 
ll’, 138, 79, 316 and 516. This completes the proof of Theorem 1. 
Theorem 2 follows directly from Theorem 1. Finally using (3), (6), and 
(7) we obtain the following lower bounds for the number of orbits of the 
exceptions: 
P” 174 194 76 5s 7s II” 138 79 31h 5’” 
r 6 7 5 5 5 87 273 14 5 1697 
This with (ii) of Theorem 2 shows via a routine calculation that 
(r log, r)2/p” 3 (5 log, 5)2/3’6 for all p” and so establishes the corollary. 
Note that the constant in the corollary is from the lower bound of rank 5 
for degree 316; the rank may actually be higher in this case leading to a 
smaller constant. The more accurate bound is that given in (ii) of 
Theorem 2. 
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